In this paper, we give a construction of strongly regular Cayley graphs and a construction of skew Hadamard difference sets. Both constructions are based on choosing cyclotomic classes in finite fields, and they generalize the constructions given by Feng and Xiang [10, 12] . Three infinite families of strongly regular graphs with new parameters are obtained. The main tools that we employed are index 2 Gauss sums, instead of cyclotomic numbers.
Introduction
We assume that the reader is familiar with the basic theory of strongly regular graphs and difference sets. For the theory of strongly regular graphs, our main references are the lecture notes of Brouwer and Haemers [5] and [13] . For difference sets, we refer the reader to [17] and Chapter 6 of [2] . We remark that strongly regular graphs are closely related to other combinatorial objects, such as two-weight codes, two-intersection sets in finite geometry, and partial difference sets. For these connections, we refer the reader to [5, p. 132 ], [7, 22] .
Let Γ be a (simple, undirected) graph. The adjacency matrix of Γ is the (0, 1)-matrix A with both rows and columns indexed by the vertex set of Γ, where A xy = 1 when there is an edge between x and y in Γ and A xy = 0 otherwise. A useful way to check whether a graph is strongly regular is by using the eigenvalues of its adjacency matrix. For convenience we call an eigenvalue restricted if it has an eigenvector perpendicular to the all-ones vector 1. (For a k-regular connected graph, the restricted eigenvalues are the eigenvalues different from k.) Theorem 1.1. For a simple graph Γ of order v, not complete or edgeless, with adjacency matrix A, the following are equivalent:
A difference set D in an (additively written) finite group G is called skew Hadamard if G is the disjoint union of D, −D, and {0}. The primary example (and for many years, the only known example in abelian groups) of skew Hadamard difference sets is the classical Paley difference set in (F q , +) consisting of the nonzero squares of F q , where F q is the finite field of order q, and q is a prime power congruent to 3 modulo 4. This situation changed dramatically in recent years. Skew Hadamard difference sets are currently under intensive study; see the introduction of [12] for a short survey of known constructions of skew Hadamard difference sets and related problems.
As we have seen above, in order to obtain strongly regular Cayley graphs, we need to construct regular partial difference sets. A classical method for constructing both partial difference sets and difference sets in the additive groups of finite fields is to use cyclotomic classes of finite fields. Let p be a prime, f a positive integer, and let q = p f . Let N > 1 be an integer such that N |(q − 1), and γ be a primitive element of F q . Then the cosets C i = γ i γ N , 0 ≤ i ≤ N − 1, are called the cyclotomic classes of order N of F q . The numbers |(C i + 1) ∩ C j | are called cyclotomic numbers. Many authors have studied the problem of determining when a union of some cyclotomic classes forms a (partial) difference set. A summary of results in this direction obtained up to 1967 appeared in [25] . However, all the results in [25] are based on cyclotomic classes of small orders and this method has had only very limited success. In fact, known infinite series of difference sets were obtained only in the case when N = 2. The situation for partial difference sets is slightly better (see [6] , [5, p. 137-138] ). One of the reasons why very few difference sets have been discovered by this method is the difficulty of computing cyclotomic numbers of order N when N is large. So far cyclotomic numbers have been evaluated for N ≤ 24 [1] (but note that some of these evaluations are not explicit). For large N , probably Van Lint and Schrijver [21] are the first to use cyclotomic classes of order N of finite fields to construct strongly regular graphs, and Baumert, Mills and Ward [4] are the first to use cyclotomic classes of order N of finite fields to construct difference sets. We comment that the difference sets constructed in [4] are also partial difference sets since the finite fields involved have characteristic 2. Both constructions are based on the so-called uniform cyclotomy, which will be defined in Section 2.
On the other hand, many sporadic examples of strongly regular Cayley graphs have been found using unions of cyclotomic classes of F q by computer search. For example, the following are known:
(i) (De Lange [20] ) Let q = 2 12 and N = 45. Then, Cay(F q , C 0 ∪ C 5 ∪ C 10 ) is a strongly regular graph.
(ii) (Ikuta and Munemasa [15] ) Let q = 2 20 and N = 75. Then, Cay(F q , C 0 ∪ C 3 ∪ C 6 ∪ C 9 ∪ C 12 ) is a strongly regular graph.
(iii) (Ikuta and Munemasa [15] ) Let q = 2 21 and N = 49. Then, Cay(
) is a strongly regular graph.
Recently, in [10] , the first and the third authors extended the above examples to infinite families by using index 2 Gauss sums over F q . Below is the main theorem from [10] . 
is a strongly regular graph.
(ii) Let p 1 and p 2 be primes such that {p 1 (mod 4), p 2 (mod 4)} = {1, 3}, N = p m 1 p 2 , and let p be a prime such that ord p m
2 b, h is even, and 1 + p 1 p 2 = 4p h , where b ∈ {1, −1} and h is the class number of Q(
is a strongly regular graph. (ii) Let p 1 ≡ 3 (mod 8) be a prime, p 1 = 3, N = 2p 1 , and let p ≡ 3 (mod 4) be a prime such
Hadamard difference set in the additive group of F q .
Note that in Theorem 1.3 (ii), we need to choose a suitable primitive element γ of F q . For details, see [12] . To extend the construction of Theorem 1.3 (ii) to the general case N = 2p m 1 was left as an open problem in [12] .
The purpose of this paper is to generalize the constructions of strongly regular Cayley graphs in Theorem 1.2 (ii) to the case where N = p m 1 p n 2 and of skew Hadamard difference sets in Theorem 1.3 (ii) to the case where N = 2p m 1 . Three infinite families of strongly regular graphs with new parameters are obtained (see Table 2 in Section 3). An infinite series of skew Hadamard difference sets in (F q , +), where q = 3 53·107 m−1 , is also obtained. Implications of these results on association schemes will be discussed in Section 4.
Index Gauss sums
Let p be a prime, f a positive integer, and q = p f . The canonical additive character ψ of F q is defined by ψ :
where ζ p = exp( 2πi p ) and Tr q/p is the trace from F q to F p . For a multiplicative character χ of F q , we define the Gauss sum
Below are a few basic properties of Gauss sums [18] :
In general, the explicit evaluation of Gauss sums is a very difficult problem. There are only a few cases where the Gauss sums have been evaluated. The simplest case is the so-called semi-primitive case (also referred to as uniform cyclotomy or pure Gauss sum), where there exists an integer j such that p j ≡ −1 (mod N ), here N is the order of the multiplicative character χ involved. See [1, 4, 7] for the explicit evaluation in this case.
The next interesting case is the index 2 case where the subgroup p generated by p ∈ Z * N has index 2 in Z * N and −1 ∈ p . In this case, it is known that N can have at most two odd prime divisors. Many authors have investigated this case, see e.g., [3, 19, 23, 24, 27, 28] . In particular, a complete solution to the problem of evaluating Gauss sums in this case was recently given in [27] . The following are the results on evaluation of Gauss sums which we will need in the next section. , where m and n are positive integers, p 1 and p 2 are primes such that p 1 ≡ 1 (mod 4) and p 2 ≡ 3 (mod 4). Assume that p is a prime such that ord p m
where h is the class number of Q( √ −p 1 p 2 ), and b and c are integers determined by b, c ≡ 0 (mod p), 4p h = b 2 + p 1 p 2 c 2 , and bp 
where
2 p, h is the class number of Q( √ −p 1 ), and b and c are integers determined
Note that Theorem 2.2 above is Theorem 4.12 in [27] , whose statement contains several misprints. We corrected those misprints in the above statement.
Constructions of strongly regular Cayley graphs and skew Hadamard difference sets
We first recall the following well-known lemma in the theory of difference sets (see e.g., [22, 26] ). 
for all nontrivial characters χ of G.
Let q = p f , where p is a prime and f a positive integer, and let C i = γ i γ N , 0 ≤ i ≤ N −1, be the cyclotomic classes of order N of F q , where γ is a fixed primitive element of F q . From now on, we will assume that D is a union of cyclotomic classes of order N of F q . In order to check whether a candidate subset, D = i∈I C i , is a partial difference set or a skew Hadamard difference set in (F q , +), we will compute the sums ψ(aD) := x∈D ψ(ax) for all a ∈ F * q , where ψ is the canonical additive character of F q . Note that the sum ψ(aD) can be expressed as a linear combination of Gauss sums using the orthogonality of characters:
where F * q is the group of multiplicative characters of F * q and C ⊥ 0 is the subgroup of F * q consisting of all χ which are trivial on C 0 .
Strongly regular graphs from unions of cyclotomic classes of order
In this subsection, we assume that N = p m 1 p n 2 , where m, n are positive integers, p 1 and p 2 are primes such that p 1 ≡ 1 (mod 4) and p 2 ≡ 3 (mod 4). Furthermore, we assume that p is a prime such that ord p m
Theorem 3.2. The size of the set {ψ(γ a D) | a = 0, 1, . . . , q − 2} is at most five. Proof: Let χ e denote the multiplicative character of order e of F q such that χ e (γ) = ζ e , where ζ e := exp ( 
To prove the theorem, it is sufficient to evaluate the sums
where a = 0, 1, . . . , N − 1.
For ℓ = 0, by noting that G(χ 0
), we have
Note that for each a ∈ {0, 1, . . . , N − 1}, there is a unique i ∈ {0, 1, . . . , p
For the remaining cases, we consider the sum 
≡ 2 (mod p 1 p 2 ), and η 1 and η 2 are the quadratic characters of F * p 1 and F * p 2 , respectively. Then, the sum (3.1) is rewritten as
For (3.2), we have
Let G(η i ), i = 1, 2, be the quadratic Gauss sums of F p i , respectively. It is well known that G(η i ) = (−1) (p i −1)/2 p i (see [18] ). Then, for (3.3), we have
Thus, we obtain
Now, we compute S a := (T a +p
by considering the following four cases:
(ii) If δ ja = 1, δ ia = 0, we have
The proof is now complete. The construction of strongly regular Cayley graphs given in this subsection is a generalization of Theorem 1.2 (ii) [10] . In [10] , the six infinite series of strongly regular graphs in Table 1 below were obtained. Note that the case when m = 2 of the 1st series of Table 1 is the example found by De Lange [20] and the case when m = 2 of the 2nd series of Table 1 is the example found by Ikuta and Munemasa [15] . These six infinite series are combined and generalized to three infinite families of strongly regular graphs in Table 2 .
Example 3.5. Table 2 gives generalizations of strongly regular graphs in Table 1 . Here, the parameters p, N, h, b satisfy the conditions of Corollary 3.3, i.e., p is a prime such that Table 1 : Some strongly regular graphs obtained in [10] . The parameters r, s are the two nontrivial eigenvalues of Cay(G, D), i.e., the two values in {ψ(γ a D) | a = 0, 1, . . . , q − 2}. The parameters λ and µ of the strongly regular graphs can be computed by λ = s + r + sr + k and µ = k + sr.
, and bp
It is easy to see by induction that Table 2 . Furthermore, since (p p
≡ 2 (mod p 1 p 2 ) can be rewritten as bp
, which is independent of m and n. There are only these three series satisfying the conditions of Corollary 3.3 when p 1 ≤ 10 7 . Table 2 : Generalizations of the strongly regular graphs in Table 1 . The parameters λ and µ of the strongly regular graphs can be computed by λ = s + r + sr + k and µ = k + sr.
3.2 Skew Hadamard difference sets from unions of cyclotomic classes of order N = 2p
In this subsection, we assume that 
where b, c ≡ 0 (mod p), b 2 + c 2 p 1 = 4p h , and bp
. By our assumption that 1 + p 1 = 4p h , we have b, c ∈ {−1, 1}, where the sign of c depends on the choice of P. In particular, in [12] , it was shown that bc ≡ − √ −p 1 (mod P). On the other hand, since
from which it follows that 1 + √ −p 1 ∈ P or 1 − √ −p 1 ∈ P for any prime ideal P in Q(ζ q−1 ) lying over p. We may choose a prime ideal P such that 1 + √ −p 1 ∈ P. Then, bc ≡ − √ −p 1 (mod P) with b, c ∈ {−1, 1} implies that bc = 1. From now on, we fix this choice of P. −h √ p * and B := (−1)
First of all, we note that (−1)
Secondly, since D is a union of cyclotomic classes of order N , we have {ψ(
It is sufficient to evaluate the sums
), we have For the remaining cases, we evaluate the sum
By Theorem 2.2, we have . By the choice of P, it is expanded as
Since χ ℓ 2p m 1 (−1) √ p * = √ p * for any odd ℓ by the assumption p 1 ≡ 3 (mod 8), i.e., f is odd, the above sum is reformulated as
Note that p can be written as {x + 2p 1 y | x ∈ p (mod 2p 1 ), y ∈ {0, 1, . . . , p i a . Then, the above sum is rewritten as
(γ ia ). Let η be the quadratic character of F p 1 and ψ p 1 be the canonical additive character of F p 1 . Noting that 2 is a nonsquare in
Hence, we have
and
Thus, we obtain 
Concluding remarks
In this paper, we have given two constructions of strongly regular graphs and skew Hadamard difference sets, which are generalizations of those given by the first and third authors [10, 12] . As a consequence, we obtain three infinite series of strongly regular graphs with new parameters and a family of skew Hadamard difference sets in (F q , +), where q = 3 53·107 m−1 . The results on strongly regular graphs have implications on association schemes.
Given a d-class (symmetric) association scheme (X, {R ℓ } 0≤ℓ≤d ), we can take the union of classes to form graphs with larger edge sets (this process is called a fusion), but it is not necessarily guaranteed that the fused collection of graphs will form an association scheme on X. If an association scheme has the property that any of its fusions is also an association scheme, then we call the association scheme amorphic. A well-known and important example of amorphic association schemes is given by the cyclotomic association schemes on F q when the cyclotomy is uniform [4] .
In [16] , A.V. Ivanov conjectured that if each nontrivial relation in an association scheme is strongly regular, then the association scheme must be amorphic. This conjecture turned out to be false. A first counterexample was found by Van Dam [8] in the case when the association scheme is imprimitive. Afterwards, Van Dam [9] and Ikuta and Munemasa [15] gave more counterexamples in the case when the association scheme is primitive. However, there had been known only a few counterexamples in the primitive case. Recently, in [11] , the authors generalized the counterexamples of Van Dam and Ikuta-Munemasa into infinite series using strongly regular Cayley graphs based on index 2 Gauss sums of type N = p m Then, one can similarly prove that (F q , {R k } 0≤k≤p 1 p 2 ) is a pseudocyclic and non-amorphic association scheme in which every nontrivial relation is a strongly regular graph. Table 2 yields three new infinite series of pseudocyclic and non-amorphic association schemes, where each of the nontrivial relations is strongly regular. Moreover, further fusion schemes of these association schemes are possible by applying Corollary 3.2 and Theorem 4.1 of [15] . In particular, Examples 1 and 2 of [15] are generalized into an infinite series by using the above association scheme with p = 2, b = 1, (p 1 , p 2 ) = (5, 3), and h = 2.
